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ABSTRACT: We study the topologically massive gravity with a negative cosmological con-
stant on AdSs spacetimes by making use of Kaluza-Klein dimensional reduction. For a con-
stant dilaton, this two-dimensional model admits three AdSs vacuum solutions, which are
related to AdS3; and warped AdS3 with an identification upon uplifting three dimensions.
We carry out perturbation analysis around these backgrounds to find what is a physically
propagating field. It turns out that the scalar perturbation f of the Maxwell field F),, is non-
propagating in the absence of gravitational Chern-Simons terms, while it becomes a prop-
agating mode with mass in the presence of gravitational Chern-Simons terms. This shows
clearly that the number of propagating degrees of freedom is one for the topologically mas-
sive gravity. Moreover, at the points of K = +[,1/3, the mode f becomes a massless scalar

which implies that there exists still a propagating degree of freedom at the chiral points.
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1 Introduction

The gravitational Chern-Simons terms in three dimensional (3D) Einstein gravity produce
a physically propagating massive graviton [1]. This topologically massive gravity with a
negative cosmological constant A = —1/1?> (TMG,) gives us the AdS3 solution [2, 3]. For
the positive Newton’s constant GG3, massive modes carry negative energy on the AdSs. In
this case, the AdSs is not a stable vacuum. The opposite case of G3 < 0 may cure the
problem, but it may induce a negative mass for the BTZ black hole.

There is a way of avoiding negative energy by choosing the chiral point of K = [ with
the gravitational Chern-Simons coupling constant K. At this point, a massive graviton
becomes a massless left-moving graviton, which carries no energy. It may be considered
as pure gauge. However, the chiral point raises many questions on physical degrees of
freedom (DOF) [4-11].

Before we proceed, it is noted that the gravitational Chern-Simons terms are not in-
variant under coordinate transformations though they are conformally invariant [12, 13].
The variation of the gravitational Chern-Simons terms plays a role to find new solutions be-
cause it provides the Cotten tensor term in the equation of motion. It is known that the 3D
Einstein gravity is locally trivial, while its quantum status remains unclear. All solutions
to the 3D Einstein gravity are also solutions to the TMG,. Furthermore, one needs to seek
another method to investigate the TMGy since it is likely a candidate for a nontrivial 3D



gravity. One may introduce a conformal transformation to isolate the conformal DOF (dila-
ton mode). Then, the Kaluza-Klein ansatz! is used to obtain an effective two-dimensional
action (2DTMG,), which will be a gauge and coordinate invariant action. Saboo and
Sen [15] have used the 2DTMG, to obtain the entropy of extremal BTZ black hole by
using the entropy function formalism. This is possible because AdSs is a stable attractor
solution of equations, which governs how near-horizon geometry changes as a degenerate
horizon is being approached. On the other hand, for a constant dilaton, the authors in [16]
have introduced the entropy function approach to find three AdS; vacuum solutions of
the 2DTMG,: AdSs with a positive charge, AdSs with a negative charge, and warped
AdS, with a positive charge. Upon uplifting these solutions to three dimensions, they have
obtained geometric solutions which are either AdSs or warped AdSs with an identification.

Hence it is very interesting to perform perturbation analysis of the 2DTMG,, which
shows what kind of field is really propagating on AdSs background. It is well known that
there is no physical DOF for a graviton h,,, propagating on AdS3 in 3D Einstein gravity.
Therefore, we must have zero DOF on AdSs after Kaluza-Klein reduction of 3D Einstein
gravity: a two-dimensional graviton h,, = —hg,, (unphysical mode with —1 DOF), a
gravivector 0F1g = —f (Maxwell mode with 0 DOF), and a graviscalar ¢ (dilaton mode
with 1 DOF). However, we expect to have a massive mode in the 2DTMG, because the
gravitational Chern-Simons terms could generate a massive mode in the SDTMG,. It is
supposed to be a mode like a gravivector.

In this work, we carry out perturbation analysis of the 2DTMG, around three AdS,
backgrounds. We show that a scalar perturbation f of the Maxwell field F),, is trivial
and nonpropagating in the absence of the Chern-Simons terms, while it becomes a massive
propagating mode in the presence of the Chern-Simons terms. This shows clearly that the
number of propagating DOF is one scalar for the 2DTMG,. Moreover, at the chiral point
of K = =£l, 1/3, the mode f becomes a massless scalar, which implies that there exists still
a propagating DOF at this point.

2 Topologically massive gravity

We start with the action for topologically massive gravity with a negative cosmological
constant given by [1]

1 K 2
Itvg, = 167G /d?’x\/—g |:R3 —2A + Eslmnl“plq <8qunp + gl“qmrl“rnp>} ,  (2.1)

where ¢ is the tensor defined by €/,/—g with €"'2 = 1. We choose the positive Newton’s
constant GGg3 > 0. The Latin indices of [, m,n,--- denote three dimensional tensors. The

'However, if one does not include the full tower of Kaluza-Klein states, it does not capture the full
theory. Particularly, this is true if one confines to a reduction which was made by assuming an isometry.
For topologically massive gravity without a negative cosmological constant, it was known that the exact
theory has no nontrivial solutions that admits a hypersurface-orthogonal Killing vector [14]. In this work,
the U(1) isometry used in the Kaluza-Klein reduction must not be hypersurface-orthogonal, which means
that the vector field A, must be nonzero. We state clearly that the process of making a Kaluza-Klein
reduction to obtain the 2DTMGa might miss some degrees of freedom in the original TMGay.



K-term is called the gravitational Chern-Simons terms. Here we choose “4” sign in the
front of K to avoid negative graviton energy [5]. It is the first higher derivative correction
in three dimensions because it is the third-order derivative.

Varying this action leads to the Einstein equation

Gn + KChp = 0, (2.2)

where the Einstein tensor including the cosmological constant is given by

R 1
Gmn = Ran - _39mn — 759mn (23)
2 l
and the Cotton tensor is defined by
1
Cmn = Em pqvp <R3qn — qunR;g) . (2.4)

We note that the Cotton tensor C,, vanishes for any solution to 3D Einstein gravity, so
all solutions of general relativity are also solutions of the TMGy,. Hence, for K = 0, the
BTZ black hole [17] appears as a solution to eq. (2.2)

dr?
N2(r)

2 a2 2 2 0 2
dspr, = —N*(r)dt” + + 7% |df + N°(r)dt| , (2.5)

where the squared lapse N2(r) and the angular shift N?(r) take the forms

2 16G2 2
N2(r) = ~8Gam + 7 + —

4G3j
0 _ 3J
7"2 ) N (7”) - 7,,2 .

(2.6)

Here m and j are the mass and angular momentum of the BTZ black hole, respectively.

On the other hand, the warped black hole solution to the TMG, was first considered
in [18, 19], and a generalized warped black hole solution to the TMG without a cosmological
constant was shown in [20]. For v? = (?)LK)2 > 1, the warped black hole solution, which is
asymptotic to warped AdSs, is allowed as [21-23]

2
2 25,2 2, 122 .
ds? 5y = —N2dt +4R2N2dr +I*R <d9+N dt) , (2.7)
where
R(r) = Z [3(1/2 — V) 4+ (2 +3)(ry + 1) —dvrir_ (V2 + 3)} )
. 20,2 _ _
N - PRI =) =)
4R2%(r)
- 2 — ~(v2+3
O Pl A G ) (2.8)
2R2(r)

We note that for 2 = 1, this metric reduces to the BTZ metric (2.5) in a rotating frame.
We would like to mention the AdSs solution (2.5) with m = —1/8G3 and j = 0.
It is very important to find physical DOF of a massive mode propagating on the AdSs



background when the Chern-Simons terms are present. There is no DOF in 3D Einstein
gravity because there is N, = D(D —3)/2 DOF in D dimensional Einstein gravity.? Hence
it is evident that all components of h,,, belong to gauge DOF.

On the other hand, we have N* = 2 DOF for a massive graviton in 3D Einstein
gravity when including the Pauli-Fierz bilinear term of Ipp = m% . [ d3z/=g[h™ hyppn —
(hm ™)?] [24, 25] as a conventional mass term. However, it is worth to mention that
the bilinear Chern-Simons term K [ d3x\/—_ghmnc,§f},{ [2] differs from the Pauli-Fierz term.
Thus, the TMG, may possess different physical DOF propagating on the AdS3 spacetimes.
Park has found N7* = 3 [7], Carlip has obtained N/ = 1 [10], while Grumiller et al. [8] have
found N =1 in the chiral version of the theory [2]. Recently, it was shown that N* =1,
when using the full power of Dirac’s method for a constrained Hamiltonian system [26].
Moreover, at the chiral point of K = I, a massive graviton ¥ turned out to be a left-
moving graviton ¢~ = (gauge degrees of freedom) [2, 27]. Grumiller and Johanson [5] have
newly introduced a physical field ¢ = 9, kUM |—; as a logarithmic parter of ¥ [5]
based on the LCFT [28-33]. However, it was reported that )" might not be a physical
field at the chiral point, since it satisfies fourth-order equation and thus it becomes a pair
of dipole ghost fields with % = [34].

Hence it would be better to use another method to show the existence of a massive
mode in the TMG,. Furthermore, to find a clear picture for a propagating mode at
the chiral point, we study the effective two dimensional theory by making use of Kaluza-

Klein reduction.

3 Dimensional reduction of TMG,

We first make a conformal transformation and then perform Kaluza-Klein dimensional
reduction by choosing the metric [12, 13]

ds® = ¢* [g,w(x)dx“dx” + <d0 + Au(m)dm“)Q] . (3.1)

Here 6 is a coordinate that parameterizes an S' with a period 27l. Hence, its isometry is
factorized as G x U(1). After the “6”-integration, the action (2.1) reduces to its effective
two-dimensional action (2DTMGy,)

l 2 2 1
Iprve, = SeN /d2~"3\/ —g <¢R + 9"V, oV, 0 + l—2¢3 - Z¢FWFW>

¢
Kl

+35 28 / d*z (Re" Fy, + " F,,FP Fy,) . (3.2)

2This is obtained by counting graviton hs,: D(D +1)/2 — 1 (symmetric traceless tensor) —D (gauge-
fixing)— D +1 (residual gauge-fixing)=D(D —3)/2. Thus, one has N, = 2,0, —1 for D = 4, 3, 2, respectively.
For a massive graviton, N, is changed into NJ* = D(D+1)/2—D —1= (D —2)(D +1)/2 because there is
no residual gauge symmetry. Hence, one has N = 5,2,0 for D = 4, 3,2, respectively. On the other hand,
one has D —2 DOF for a massless vector propagation because of gauge-fixing (—1) and residual gauge-fixing
(—1), while a massive vector propagation has D — 1 DOF. Especially, for D = 2, we have no DOF for a
massless vector propagation but one DOF for a massive vector propagation.



Here R is the 2D Ricci scalar with R, — Rg,,/2 = 0 and ¢ is a dilaton as a graviscalar.
Also, the Maxwell field F,, = 20),4,) is defined by a gravivector A, and " is a tensor
density. The Greek indices of u,v, p,--- represent two dimensional tensors. Hereafter we
choose G3 = /8 for simplicity. It is noted that this action was used to derive the entropy
of extremal BTZ black hole by applying the entropy function approach [15].

Introducing a dual scalar F' of the Maxwell field defined by [12, 13]

1
F=— WE . .
2\/_—96 2 (3.3)
equations of motion for ¢ and A, are simplified, respectively, as
2 2 4o 6 o, 1.5
il _ = — ZF? = 4
v K 2
"o, |¢F — E(R—i— 3F“)| = 0. (3.5)
The equation of motion for the metric g, takes the form
2 L g 1 .o 1 2 2
Juv \% (b - l_2¢ + Z¢F - a(V(b) + avu(bvu(ﬁ - Vuvu¢
5 |9 VF + F° + §RF -V, V, | =0. (3.6)
The trace part of eq. (3.6)
2 2.3 1 .5 1 3, 1o
V¢—l—2¢ +§¢F - K §RF+F +§VF =0 (3.7)

is relevant to our perturbation study. On the other hand, the traceless part is given by

1 1 2 K K
Guv <§v2¢ - _(v¢)2> + _vu¢vu¢ - VMVV¢ - ZgHVv2F + EVNVVF =0. (3'8)

¢ ¢

Now, we are in a position to find AdSs spacetimes as a vacuum solution to
egs. (3.4), (3.5), and (3.7). In case of a constant dilaton, from egs. (3.4) and (3.7), we
have the condition of a vacuum state

21
KF —2¢) &= —~F%) = .
e -20) (% - 1) =0 (39)
which provides three distinct relations between ¢ and F'
l
o+ = iiF’ (3.10)
3K
Ow = 7F (3.11)

We note that for K =1/3, ¢, = ¢+ which implies that it is a degenerate vacuum.
Assuming the line element preserving G = SL(2, R) isometry

2 2 7,2 dr?
dSAdSQ =v|—T dt —|— 7’—2 s (312)



we have the AdSy spacetimes, which satisfy

R:—%, F=u, F=e/v(Fio=e), (3.13)

where Fig = 0149 — Op A1 with Ag = er and A; = 0. In order to find the whole solution
of the AdS,-type, we may use the entropy function formalism [16] because it provides an
efficient way of finding AdSy solution as well as the entropy of corresponding extremal
black hole. To this end, the entropy function is defined as

E(u,v,e,q) =27 {qe — F(u,v, e)] (3.14)

where F(u, v, e) is the Lagrangian density Loprma, evaluated when using eq. (3.13),

v we? K [2e €3

Upon the variation of £ with respect to u, v, and e, equations of motion are obtained as

6uv e2
-2+ —4+—=0 3.16
+ gt 5 =0, (3.16)
2ud we? e e?
ue K [2 3e?
- — |- =] =0. 3.18
1= 2(1} v2> (3.18)

Equations (3.16) and (3.17) are those obtained by plugging eq. (3.13) into egs. (3.4)
and (3.7). This means that the entropy function formalism uses mainly the Einstein equa-
tion and dilaton equation in the near-horizon geometry AdSy x S* of extremal BTZ black
hole. A difference is that eq. (3.5) is trivially satisfied with eq. (3.13), while eq. (3.18) is
working for deriving the entropy.

Here we obtain three kinds of the AdSy solution:

(1) For u =le/2v (¢4 = F1/2), one has the AdSy solution with a positive charge g

e I— K - K
— [ — — _— .1
u - v 5 e 5 (3.19)

(2) Foru = —le/2v (¢p— = —F1/2), the AdS; solution with a negative charge ¢ is found as

[ —q I+ K I+ K
_ _ K S i 2
" 2+ K) 20 “2g (3:20)

(3) For u =3Ke/2v (¢, = 3FK/2), the warped AdSs solution with a positive charge ¢

is given by
9K ql? K 4K1?
— ———— =4 3.21
"SVerarr YT T\ @+ 2iRY) (3:21)



Then, corresponding entropies of the extremal black holes are given by

27 ql  12(1 - K)

2 I 120+ K
2) S_ = Z(1+K)~ 277\/—% X % 1> -K (3.23)
e
o1 8KI? ql 96 K1
= oL 2 K. 24
) Sw= " E o 7T\/6 “ Ry oTK? >0 (3.24)

The last relations (~) will be confirmed from the Cardy formula if ¢l is justified as the
eigenvalue of the Lg-operator of dual CFTy. However, the AdSy/CFT; correspondence
is not still confirmed because we have two AdSs solutions [35-38]: AdSy with a constant
dilaton and near-horizon chiral CFTy (AdS2/CFTy correspondence, in this work), and
AdS, with a linear dilaton and asymptotic CFTy (AdSe/CFT; correspondence). Finally,
we mention that for K =1/3, S = %_7;1 = S, which shows a close connection between the
two solutions (1) and (3).

4 Perturbation of 2DTMG, around AdS,

Now, let us consider the perturbation modes of the dilaton (graviscalar), graviton, and
dual scalar around the AdSs background as

¢ =0+, (4.1)
Juv = g;w + h,uz/a
F = F(1+6F),

where the bar variables denote the AdS, background as ¢ = u, Juw =V diag(—r2,772),
and F = e/v. This background corresponds to the near-horizon geometry of the extremal
black holes, factorized as AdS, x S'. The Maxwell field has a scalar perturbation f around
the background: Fig = Fig + 0Fio, where 6Fig = 01ag — Opa1 and 6Fyg = —f.

In this work, we choose the particular perturbation fields [39]

hyw = —hguw, oF = (h — g) . (4.4)
Taking the conformal gauge for h,, is quite reasonable for investigating the propagation
of the graviton as an unphysical mode on the AdSs background. Even if one considers the
off-diagonal components, these would be decoupled from (¢, h, f). In addition, we note
that the form of 6F' is determined upon choosing the conformal gauge of h,, = —hg,..
Hereafter, we wish to distinguish a dual scalar perturbation “0 F” with a scalar perturbation
“f”. The former is useful for diagonalizing process without sources, while the latter plays
a key mode for our perturbation study with sources. In order to select f appropriately, we
need to use the source condition, which could decouple the unphysical mode A from f in §F'.
However, we have to mention that there may be other types of perturbations, which
lead to other linearized degrees of freedom.



4.1 K =0 perturbation

First, we study the K = 0 case because this provides a reference case. Applying the
linearizing process to (3.4), (3.5), and (3.7), the perturbed equations are given by

_ 2h  4_ 12 e? !
VZh — - EVQQD Ut <h - E) =0, (4.5)
"o, [gp +u (h - g)} =0, (4.6)

_ 6 ue? f e?

Here we use dR(h) = 6R,, (h)g" — Ry b = VPN hyy — VoV ohy, * — Rhy, #/2 [2]. The
perturbed equation (4.6) for the F-field leads to

e+ udl =0, (4.8)

which implies that the dual scalar 6 F is a redundant mode (nothing but ¢). For the AdSs
solutions of u = ££ the perturbed equation (4.7) together with eq. (4.8) leads to equation

for the dilaton )
<v2 - —) © =0, (4.9)

v
which may indicate that the dilaton mode as a scalar is propagating on the AdSs-
background [40]. On the other hand, the perturbed equation (4.5) combined with (4.8)
and (4.9) leads to the fourth-order equation for the graviton mode h

<v2 — 3>2 h = 0. (4.10)

v

It is known from the counting of DOF that all of these modes belong to pure gauge be-
cause there is no physical DOF for the graviton h,,, propagating on the AdSs background
in the original 3D Einstein gravity. However, it seems that two modes of ¢ and J F" are prop-
agating on the AdSy background. Also, h seems to be a propagating mode, even it satisfies
the fourth-order equation. Therefore, it is necessary to show that all modes of ¢, h, f are
nonpropagating on the AdSs background and then apply the same method to the linearized
excitations in the K # 0 TMG, to determine which modes are propagating. Hence we
need to employ a proper method to find physical DOF beyond the naive counting of DOF.

For this purpose, we compute the on-shell exchange amplitude (A.18) in appendix A.1
by plugging external sources T, J,, Jy into egs. (4.5), (4.7) and (4.8). Surprisingly, J,
completely disappears in this amplitude. It is important to note that when choosing the
source condition of T' = 2—§J t, the fourth-order unphysical pole disappears. Simultaneously,
the second order pole disappears under this condition. Actually, imposing this proper
source condition is equivalent to a decoupling process of the unphysical mode A from the
Maxwell mode f in the dual scalar §F'. In this case, the on-shell exchange amplitude (A.18)
reduces to that of the Maxwell mode f solely

ar=0_ L / d2pl2). (4.11)

2uv



As a result, the effective 2D gravity theory, which is matched with the original 3D Einstein
gravity, has no physically propagating modes. Based on this analysis, we explore the effect
of the gravitational Chern-Simons terms in the next section.

4.2 K # 0 perturbation

For K # 0, the perturbed equations of motion are complicated to have

_ 2 4_ 12
VZh = =h — =V?p + —up + 5F =0, (4.12)
v U l
e, [ <g0+u6F) 5 (v%— —h+ﬁiéF>] — 0, (4.13)
- 6 e? ue?
2 Y2 -~
Ve l2u@+202 +025F
B R TR Cltenll) PSR P
K <2vv h——h+—=——5—L0F + -V*%F | =0. (4.14)

Eq. (4.13) implies
e K e
5(@ + u5F> -5 <v h— —h + —5F> (4.15)

Solving eq. (4.15) for 0F and inserting it into eq. (4.14), we obtain
— 6u? e? Ke
2 2
— | =+ == ——|dF =0. 4.16
Ve ( ZE 21)2> 7T (V v> (4.16)

Since the second term can be further simplified as (2/v)y, irrespective of the AdSs solutions
(1), (2) and the warped AdSs solution (3), we find the same diagonalized equation as

(?2 — %) <Lp — [;—;5F> =0 (4.17)

which may correspond to eq. (4.9) for K = 0. Moreover, solving eq. (4.15) for (V2 — 2)h

v
and inserting it into eq. (4.12), we obtain a coupled equation

— 5 ue 3u? u?e  5eu
— — — 0F = 4.1
Ve (21}[( * 2 )SD (21}[( 40? 0 (4.18)
It reduces to
_ 2 ue 5
2
A 2 F) - 4.1
(V U)(p <21}K 41)) (<p+u5 0 (4.19)
for the AdSs solutions (1) and (2), while it takes the form
—y 2 1 (1> —27K? 21%u
2
_Z S OF = 4.2
<v v> L <l2 + 27K2> P L 2TK?) 0 (4:20)

for the warped AdSs solution (3).



Making use of eq. (4.17), egs. (4.19) and (4.20) could be rewritten as two coupled
equations for ¢ and JF

- 2 2v ue 5
2
(V v) Ke (21}[( 41)) (SD_FU > 0 (4.21)
—y 2 2 (12 -27K? 2u 2/
2
(V‘7ﬁ5F‘ﬁz(ﬁ:@ﬁﬁ>@+ﬁz<ﬁ:§ﬁﬁ>“’:0 (4.22)

Acting (?2 — %) on eq. (4.21), and then eliminating ¢ again by using eq. (4.17), we arrive
at the diagonalized equation for the dual scalar §F

(?2 -~ 2) (V2 —mi)éF =0, (4.23)

v

for the AdSs solutions (1) and (2). Here, the mass m3 is given by

2 1 l l
2 _2 1 (1 L 4.2
L= 4v< )\°Tx) (4.24)

where the upper and lower signs denote the AdSy solutions (1) and (2), respectively.
For the warped AdSs solution (3), the diagonalized equation is found from eq. (4.22) as

v

<v2 — 2) (V2 —m2)0F =0 (4.25)

whose mass m?, takes the form

5 3(12 - 9K?)

R (4.26)
In deriving eqgs. (4.23) and (4.25), we assume that (V2 — 2/v)§F # 0. This is because if
(V2 —2/v)§F = 0, it may reduce to the K = 0 case, as is shown in eq. (4.9) for o = —udF.
This implies that miw = 2/v may be excluded in favor of a massive propagating mode.
However, it is not true that solutions to the fourth-order equation (V2 — 2/v)?5F = 0 are
the same as those of the second-order equation (V2 — 2/v)dF = 0. This may be similar to
the behavior of scalar fields at the Breitenlohner-Freedman bound in the AdS4 spacetimes,
where the disappearance of one branch solution is regarded as an illusion.

For miw # 2/v, eqs. (4.23) and (4.25) may imply the second-order equations
(V2—m2)éF =0, (V2-m2)déF=0 (4.27)

which seem to be more attractive than the fourth-order equations.

However, we expect to obtain a single massive mode like f which is propagating on the
AdSy background because it turned out that N* =1 for the K # 0 case. Therefore, the
second-order equations (4.27) are still far from our goal of finding f, even though the explicit
masses are found. Inspired by the K = 0 case, we wish to compute the on-shell exchange
amplitude for the K # 0 case, too. Actually, this was done in appendix A.2 by plugging

,10,



the external sources T, J,,, J¢ into the linearized equations (4.12), (4.14), and (4.15). As is
shown in eq. (A.26), its form is very complicated, including poles of

1 1 1
p2 +m?2’ (p2+%)(p2+m2)’ (p2+%)2(p2+m2)

(4.28)

with the mass m? = miw. We note that egs. (4.23) and (4.25) correspond to the second
pole in the above. However, it is very difficult to isolate a physical amplitude including
m only. Hopefully, inspired by the K = 0 case, we may choose the same source
condition 7' = Z—;J + to have a physical amplitude. Requiring this condition, the Fourier-
transformed on-shell amplitude is reduced to a very simple expression
2

AK = %/dem (%Jf - J¢> , (4.29)
which contains f and ¢-amplitudes only. This confirms that the source condition decouples
the unphysical mode h from fliw effectively, remaining the Jy and Jg(,—amplitudes.3 We can
check easily that this expression approaches the K = 0 amplitude in the limit of K — 0:
Explicitly, the action (A.18) is exactly recovered from (4.29).

It seems appropriate to comment on why the dilaton mode appears in the K # 0
amplitude, in comparison with the absence of .J, in the K = 0 amplitude. The dilaton is
the conformal mode, which is surely the pure gauge in view of the 3D Einstein gravity. As
was shown in footnote 3, we have a relation of ¢ ~ f under the source condition. Hence,
we may regard the dilation as a redundant mode, even it takes the same massive pole as
the mode f does.

Now we are in a position to analyze what these amplitudes are implied.

(1) For the AdSs solution with a positive charge, the allowable range is defined to be
I > K. This is required for a positive entropy. Figure 1 shows the graph for mass
m%r and entropy Sy versus K. The one-shell exchange amplitude is given by

. 1 l 2
AKZE/CF Jr—J,) . 4.30
T8 pp2 + mi wk 7 s ( )
At the chiral point of K = [, we have zero mass mi = 0. Then, its amplitude leads to
. 1 /J 2
AKlZE/dQ— iy 4.31
+ 8 pr v %) ) ( )

which implies that the mode f is massless. Actually, this interpretation is consistent
with N, =1 [8, 10, 26], which states that there is still a physical DOF at the chiral
point. For K = [/3, we have zero mass mi = 0 but its amplitude takes a slightly

e 1 /3J 2
AK—”?’:E/dQ — (L) 4.32
+ ] ppg wv @ ( )

Comparing it with eq. (4.31), this case could be also considered as the massless

different form

propagation at another chiral point.

31f one chooses the proper source condition, eq. (A.22) in appendix A.2 implies that ¢ ~ f even for
K # 0 case. This may explain partly why the dilaton mode survives for the K # 0 amplitude.
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Figure 1. Mass mi and entropy Sy for the AdSy solution with a positive charge for [ = 100,
v = 1: The curve is for the mass and the straight line for the entropy which is scaled to compare
with the mass. The right-hand point (e) is the chiral point (K =), while the left-hand point (e)
is another chiral point K = [/3. Since the AdSs solution with a positive charge is valid for | > K,
the permitted region is 0 < K < 100 but not K > [.

-300 -200

-500

—-400

Figure 2. Mass m? and entropy S_ for the AdS, solution with a negative charge for I = 100,
v = 1: The curve is for the mass and the straight line for the entropy. The right-hand point (e) is
another chiral point (K = —I/3), while the left-hand point () is the chiral point (K = —I). Since
the AdSs solution with a negative charge is valid for [ > — K, the permitted region is —100 < K <0

but not K < —I.

(2) For the AdSs solution with a negative charge, the permitted range is defined to be
[ > —K. This is required for a positive entropy. Figure 2 shows the graph for mass
m? and entropy S_ versus K. The one-shell exchange amplitude is given by

. 1 l 2
AK =2 / 2 T+, . 4.33
-8 P m? \wk s+ e (4.33)
At the chiral point of K = —I, we have zero mass m? = 0. Then, its amplitude
leads to )
. 1 /J
AK—ZZE/CF— = 4.34
- 8 pp2 uv +Jd) (4.34)
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Figure 3. Mass m? and entropy S, for the warped AdSs solution with K > 0. The point (e)
denotes a chiral point (K =1/3,v = 1). We have two limits: m? — —1/3 as K — 0 and m? — 1

as K — oo.

which implies that the mode f is massless. This interpretation is consistent with
N, =1 [8, 10, 26], which states that there is still a physical DOF at the chiral point.

For K = —1/3, we have zero mass m2 = 0 but its amplitude takes a different form
k=13 u [ o 1 (3Jf 2
A2 == [dp=s|—+J, | . 4.35
- 3 / pr <uv + s0> (4.35)

Comparing it with eq. (4.34), this case may be considered as the massless propagation
at another chiral point.

(3) For the warped AdSs solution, there is no restriction on K because the positive
entropy is guaranteed for K > 0. The one-shell exchange amplitude is given by

_ 1 3 AP ?
Ak =2 / 2 = —J,) . 4,
vo8 Py m2, \uv l? + 27K? Jr=Je (4.36)
As is shown in figure 3, we have zero mass m?2 = 0 for K = [/3. Its amplitude takes
the form )
- 1 /3J g
Al = 2 /d2 — (2L g,) = AR 4.37
w 3 ppg w ) + ( )

We prove a close connection that for K = é, the warped AdSs amplitude AX is equal
to AX of the AdS, solution with a positive charge. For K < 1/3(v < 1), f has a neg-
ative mass, while for K > [/3(v > 1), f has a positive mass. It is consistent with the
propagation of the massive graviton on the warped AdSs background in the TMGy.

5 Discussions

We have first discussed the perturbation of the effective 2D Einstein gravity around the
AdS, background. For the K = 0 case, it seems that a dual scalar perturbation §F =

,13,



(h— f/e) of the Maxwell field is equal to the dilaton mode ¢, and they satisfy the second-
order equation (4.9). This may imply that the modes 0F and ¢ are propagating on the
AdS, background. We note that it would be better to use the dual scalar 0F in the
perturbation calculation, while the Maxwell scalar f is a candidate for the physical mode.
Consequently, we have successfully shown that there is no propagating modes on the AdSs
background by calculating the on-shell exchange amplitude with the source condition of
T = i—sz, which arises from the diffeomorphism (gauge symmetry). In this case, the
dilaton mode ¢ disappears in the amplitude. This reflects that the effective 2D gravity,
which is matched with the 3D Einstein gravity, has no physically propagating degrees of
freedom on the AdSy background because all modes of h, ¢, f are pure gauge.

For the K # 0 case, it seems that dF' becomes the massive mode, which is propagating
on the AdS, background. Considering the relation (4.17), it is conjectured that the
dilaton mode ¢ is propagating on the AdSs background, too. However, this is not
true because the unphysical graviton mode A is still involved in 0F. In order to obtain
physically propagating modes, we have computed the on-shell exchange amplitude. It
takes a complicated form so that we could not isolate the physical amplitude from the
full amplitude. Fortunately, inspired by the K = 0 case, a proper choice of the source
condition simplifies the on-shell amplitude significantly, leaving the massive pole for any
AdS;y background. As a result, we have clearly shown that the Maxwell scalar f is a truly
massive mode propagating on the AdSs background.
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A On-shell exchange amplitudes with external sources

A.1l K =0 case

In order to find physically propagating modes of the effective 2D gravity on the AdS,
background, we start with the action (3.2) with K = 0. Its bilinear form is coupled with
external sources as

_ e
AK=0 = /dQOE |:52£2Dgravity(h7 o, f) +huTH +@J, + U—QfJf] . (A1)
Here, d2Lopgravity is the bilinear action of effective 2D gravity around the AdS, background,

and the external sources are given by T""(x), J,(x), Jf(x) for the graviton, dilaton, and
scalar of the Maxwell field, respectively. In order to make the connection with section 4.1,
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the above action could be rewritten in terms of the dual scalar perturbation 6 F
K=0 2 e? e?
AT = /d X |:62£2Dgravity(ha gD,(;F) +h (—T + ﬁjf> + SDJLp — 1)_26ij (AQ)

with the trace T'= g""T),,. In order to investigate what physical excitations there are, we
have to derive the linearized equations. At this stage, let us introduce the diffeomorphism
generated by the coordinate transformation [12]

at — Th =t — (L, r). (A.3)
Then, the dilaton, gauge field, and metric transform as follows
6@ — 0p + €9, 0,
da, — day, + €"0,A, + A0, + O\,

SRy — SRy + €0pG + Guo0ue” + Guo0ue’, (A.4)
where @, also undergoes an Abelian gauge transformation with gauge function A(¢,). For
the AdSs background in egs. (3.12) and (3.13), the relevant transformations lead to

0p — 0y,
Sag — Sag + ee” + erdoe’ + AoA,
day — daj + erd e + 1A,

Sh — Sh — D€’ (A.5)
From these, we obtain two gauge-invariant scalars
®, 0F =h— g, (A.6)
while the scalar perturbation f transforms as
5f — 8f — ede’. (A7)

In general, the bilinear action d2Lopgravity (R, ¢, 0F) is invariant under the diffeomorphisms
of eq. (A.4). Also this invariance should persist in when coupling with the external sources.
Hence, considering two gauge-invariant scalars of ¢ and dF and gauge-dependent trace h,
the action in eq. (A.2) is not invariant unless

62

This is the origin of the source condition, which states that the AdSs-background symmetry
reflects the source-conservation laws [41]. Hence, we have to choose this source condition
whenever identifying physical degrees of freedom.

From the action (A.2), we obtain the equations of motion

p+udF = —Jy, (A.9)
B 6 2 2
Vi — l—2u2tp + ;?tp + 2%5F =T, (A.10)
2 4 12 2
<V2 — ;) h — EVQQD + Z—QUSD + 2_26F — _le' (All)
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If the external sources are turned off, these are the same equations of (4.8), (4.7), and (4.5).
Hence we could follow the diagonalizing process in section 4.1 with the sources. Eliminating
OF in eq. (A.10) by using (A.9), we obtain eq. (4.9) with the sources

_ 2 e
<v2 — 5) p=-T+—Jj, (A.12)

and from eq. (A.11), we have the equation of motion for h
_ 2 4 ) 6
<v2 - —) h=—J,—-T+—J;— —ep. (A.13)
v u uv v

To obtain the on-shell exchange amplitude induced by the sources, we substitute the
linearized equations (A.9), (A.10), and (A.11) into eq. (A.2) [41]. Then we find the Fourier-
transformed on-shell amplitude as

2

62 e
w602 [0 0o) (<74 S07) + o)y - GoF@I | (A

On the other hand, from egs. (A.12), (A.9) and (A.13), the Fourier-transformed fluctuations
are given by

>
ke A15
¢(p) 742 (A.15)
T — s—sz 1
Jo+3iT— 37, 6(T —%Jp)
h(p) = F——wl EREEy (A.17)

Finally, plugging eqgs. (A.15)-(A.17) into (A.14) leads to the Fourier-transformed on-
shell amplitude

. AT — LT 2T — 32T, 6(T — & .J;)2
AKZOZ%/de [iJJ%_ ( 02 f)( 02 f) ( 02 f) (A.18)

u(p? +2) uo(p? + 2)?

We note that J, disappears in AK :0, which ensures that ¢ is decoupled from the effective

. . . . 2
2D gravity theory. It is very important to note that under the source condition of T' = £ Jy,
the fourth-order unphysical pole (the last term in (A.18)) vanishes. Simultaneously, the
second term disappears. As a result, the effective 2D gravity theory, which is matched with
the original 3D Einstein gravity, has no physical propagation modes under the proper source
condition. Based on this method, we explore the effect of the gravitational Chern-Simons
term in the next section.
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A.2 K #0 case

Having the bilinear form d2LopTma, (b, ¢, f) of eq. (3.2) instead of d2Lopgravity (R, @, f) in
eq. (A.1), the linearized equations with the external sources are given by

e 2, _ 2, 6850 _ e
(4 uoF) - (v h h +226F) = =, (A.19)
_ 6 2 ue2
Vip - l2u @ + 5527 —|— —0F
€ =9 e e(3e? —v) 9
-K| —V°h— —=h+ 75F+ V OF | = —T, (A.20)
20 v? v3

12 2
B ugo+ —0F = —J,. (A.21)
If the above sources are turned off, these are the same equations of (4.15), (4.14), and (4.12),
respectively. Hence we could follow the diagonalizing process in section 4.2 with the sources.

_ 2
V2h — ~h— —v% -

Instead, we choose an integrated diagonalization approach to report a compact expression.
By solving eq. (A.19) by dF and inserting it into the fourth term in eq. (A.20), we have
eq. (4.17) with the sources

_ 2 Ke e?
2 T
(V a ;> (SO B %5F> -t ﬁjf' (A.22)

We also eliminate (?2 — %) hin eq. (A.21) by using eq. (A.19), and then apply the operator
(V2 — 2) to both sides. Using eq. (A.22) leads to eqs. (4.23) and (4.25) with the sources

_ 2 _ 2 2v U 2e uv
2 < 2 .2 _ 2 4 | 4V A
<v > (V2 — m?) 6F (v > [Kem <K K) mlﬁp}

U 4 6uv e?
_<ﬁ_[(—e+m> (T_u_ﬂ‘]f>’ 429
where m? is defined as 9 12
2ue  u
2
w3 m) o

We note that m? is nothing but the masses m% for the AdSy in eq. (4.24) and m2, in
eq. (4.26) for the warped AdS, solutions. In addition, making use of eq. (A.22), the
graviton mode h satisfies

2 2
(72, o) (S 20 o [ (2 2)
v U v Uv l Uv v v2
(A.25)

Similar to the K = 0 case, after obtaining the Fourier-transformed fluctuations from

eqs. (A.22), (A.23), (A.25) and making a tedious calculation, we arrive at the Fourier-
transformed on-shell amplitude induced by the external sources as

1
— /d2p [CrrTT + CT¢TJ@ + CTfTJf + +C¢¢J¢J¢ + Ccpr(pJf + CffJfJf] .

2
(A.26)

AKX =
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Here their coefficients including poles are given by

2
i (5 -5 P D) v A

Crr = 5
(P2 +2)" (p* + m?)
2
; —2(p2+2) - Ke (3 — L+ 853)
e (P + 2) (p? + m2) ’
2 2 2 2 2
LD G- (o )] () - 24
Tf — 5
(v +32)" (¢ +m?)
u
Cop = :
A+ m?)
2 3 2
L) 0 )+ (- e )
e (p%+ 2) (p* + m?) ’
2 4 2, 2)\2 2 2 2 4
Cff_i—(%—K—i)(p +3) +SBP+ )+ a4 (A.27)
2 ) :
(P2 +2)" (p* + m?)
where

8  12u? u 5e e2 u 4 6uv
A= o T2 2 ol T2\ T ez )
) l K 2Kwv ) K Ke Kel
B_ 4e? [ 3e U 2¢2 u 4 n 6uv
w2 \Kv K2 v2 \K?2 Ke Kel?2)"

Finally, similar to the K = 0 case, under the source condition 7' = f}—ij t, we obtain the
Fourier-transformed on-shell amplitude induced by the external sources as

_ 1 2e 2
LA g/d2 — | —Jr—J . A28

As a result, we explicitly observe that a new pole of 1/(p? + m?) is non-vanishing and
J-dependent amplitudes appear when comparing with the K = 0 case.
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